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Abstract—Received signal strength (RSS) measurements can
be converted to the distance estimates between the emission
source and the sensors to construct a system of linear equations,
thereby allowing for the use of the weighted linear least squares
(WLLS) estimators for location estimation. However, estimating
the squared distances from the RSS measurements governed by
the log-normal shadowing effect presents a major challenge in
such approaches. In this paper, we propose a linear minimum
mean square error (LMMSE) estimator of the squared distance
between the emission source and the sensor first. Then a
LMMSE-aided WLLS (LMMSE-WLLS) location estimator and
its unbiased counterpart are presented for source localization.
Furthermore, their estimation performance are analyzed in terms
of mean square error (MSE) and covariance. It is found that the
proposed LMMSE-aided WLLS location estimators have better
estimation performance than existing WLLS estimators. Numer-
ical examples also demonstrate the performance superiority of
the proposed location estimators for source localization.

Index Terms—RSS, source localization, WLLS, LMMSE, wire-
less sensor networks.

I. INTRODUCTION

Location estimation in wireless sensor networks (WSNSs) is
a fundamental and crucial issue due to the rapidly increasing
demand for services that depend upon accurate positioning
[1]. Many localization techniques have been developed [2—4].
They aim at estimating the locations of unknown sensors via
noisy measurements [5]. In general, these measurements may
include RSS, time of arrival (TOA), time difference of arrival
(TDOA), and angle of arrival (AOA). Among them, TOA
and TDOA require precise clock synchronization of sensors.
AOA requires antenna arrays with radio-frequency front-end
components [6]. These extra requirements result in complex
implementation and higher power consumption. In contrast,
the RSS measurement is a promising candidate mainly because
of its low cost and complexity in hardware and software
implementations.

In WSNs, multiple sensors are distributed with known loca-
tions, referred to as anchor nodes, and measure the strength of
the signal emitted from the source whose location is unknown.
Localization approaches are therefore employed to estimate
the source location [7]. In general, the main approaches to
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tackle such source localization problems include proximity-
based positioning, radio frequency (RF) fingerprinting, and
distance-based positioning [8]. Among them, the distance-
based approaches that use a log-distance path-loss propagation
model are regarded as the mainstream, e.g., the maximum like-
lihood (ML) estimator [5], semidefinite programming (SDP)
method [9, 10], and WLLS estimator [11-13].

In essence, source localization using RSS measurements is
a nonlinear estimation problem. Therefore, the ML estimator
is widely employed, usually serving as a performance bench-
mark for comparison with other location estimators. With
ideal initialization, its estimation performance is very close
to the Cramér—-Rao lower bound (CRLB) [2, 9]. However,
the optimization problem of the ML estimator is nonconvex
and contains multiple local minima and maxima [10]. It
is hard to implement in practice. Recently, application of
convex relaxation techniques, e.g., SDP and second-order cone
programming (SOCP), to source localization problem has
received extensive attention [9, 14]. They relax the original
nonconvex problem to a convex optimization problem, ensur-
ing convergence to the global optimum [15]. However, non-
simple mathematical form and high computational complexity
are their main disadvantages.

Another typical approach to source localization is the WLLS
estimator [13, 16]. Its basic idea is to estimate the distances
between the emission source and the sensors from the RSS
measurements, construct a system of linear equations, and then
utilize the WLLS estimator to estimate the source location.
Because of its closed-form solution, this approach is simple,
computationally efficient, and widely applied in positioning
applications [17]. As pointed out in [11, 12, 18], the estimation
performance of the WLLS estimator is sensitive to the distance
estimates between the emission source and the sensors. The
approximate, biased, or suboptimal distance estimates will
result in performance degradation. Many improved WLLS
estimators have been proposed. In [19, 20], two WLLS es-
timators were proposed by using the ML estimate of the
squared distance. With multiplicative debiasing strategy, a best
linear unbiased estimator (BLUE) was presented in [21] and
demonstrated in [22] that its performance is very close to that
of the ML estimator using the Levenberg-Marquardt method.
However, the estimation performance of these approaches is



much worse than the CRLB, particularly when the noise
standard deviation is large. As a result, there is still potential to
improve the estimation performance of the WLLS estimator. In
this paper, we present two new WLLS location estimators for
source localization, along with an analysis of their estimation
performance.

The main contributions of this paper are twofold:

1) From the RSS measurement at each sensor, a LMMSE
estimator of the squared distance between the emission
source and the sensor is presented, thus leading to a
LMMSE-WLLS location estimator for source localiza-
tion. On this basis, a LMMSE-aided unbiased WLLS
(LMMSE-UWLLS) location estimator is also presented.

2) Estimation performance of the proposed WLLS location
estimators is analyzed in terms of MSE and covariance.
The following is found. The LMMSE-WLLS location
estimator performs better than the ML-WLLS estimator,
and the LMMSE-UWLLS location estimator performs
better than the BLUE estimator.

This paper is organized as follows. Section II formulates the
problem of RSS source localization. Section III presents the
proposed WLLS location estimators. Section IV analyzes their
estimation performance. Illustrative examples are provided in
Section V. Section VI concludes the paper.

II. PROBLEM FORMULATION

Consider a WSN in a two-dimensional plane with n sen-
sors (or anchor nodes) at known locations and one emis-
sion source at unknown location. Let a; = [z, 1], i €
N = {1,2,--- ,n}, be the location of the i-th sensor, and
x; = [z,y]T be the location of the emission source to be
estimated. Then the RSS measurement P, at the ¢-th sensor
emitted from the source under the log-distance path-loss (or
log-normal shadowing) model [4] is

P; = Py — 10 log (di/do) + w; (D

where
d; = |la; — zsl|2 )

is the Euclidean distance between the emission source and
the ¢-th sensor, P, is the reference power at a reference
distance dy, « is the path-loss exponent, typically related to
the propagation environment, and w; is zero-mean Gaussian
measurement noise with variance o2, i.e., w; ~ N(0,02), as-
sumed independent across sensors. Without loss of generality,
it is also assumed that dy = 1m, and Py and « are known
parameters [18-22].

For RSS source localization, RSS measurements can be con-
verted to the distance estimates between the emission source
and the sensors, leading to the source location x estimated
by the WLLS estimator. To guarantee the estimability of this
problem, at least two sensors are required [5]. Consider a
central information processor that performs localization, with
which all sensor nodes can communicate. Since a unique
identifying tag is contained with each RSS measurement, data
association is not needed here. In this paper, we aim to develop

new WLLS location estimators for RSS source localization
and analyze their estimation performance.

III. LMMSE-AIDED WLLS LOCATION ESTIMATORS

In this section, we present a LMMSE-WLLS location
estimator for source localization. On this basis, an unbiased
LMMSE-WLLS location estimator is also presented.

A. LMMSE-WLLS Location Estimator
From (1), the RSS measurement model can be rewritten as

—27 2v;

P2 =ewew,ieN 3)
where
Inl
mfl%%P Py) — alndy (4)
In10

and v; also follows Gaussian distribution v; ~ N(0,02) with
v = (In10/10)0y,.
It can be seen that the squared distance d7 is a linear

—2r; . C . . . 2v4
function of the term e o with multiplicative noise term e = .
“ being the pseudo measurement. Then we have

2v;

d?=zea,iecN (6)

—27r
Let z; = e o

2v;

Note that the multiplicative noise term e« is not available in
positioning applications but its statistics can be obtained from
the RSS measurement noise statistics. Taking expectation of
et yields

2
20, 205

Ele=]|=ea?

(7
Given pseudo measurement z;, by utilizing the mean of (7),
the squared distance d? can thus be estimated by
2‘711
d2 = z;e % ®)

Similarly, the squared distance estimate in (8) is also a linear
function of the pseudo measurement z;, accompanied by

the multiplicative factor eT We are interested in whether
alternative squared distance estimates can be obtained with
other different multiplicative factors. Toward this end, define
a general multiplicative factor 7. Then a unified form of the
squared distance estimate can be obtained as

& =z )
and its corresponding MSE is!
~ 402 402 202
MSE(d?) = din’ea? (ea? — 1) +df(nee? —1)?

802 202
= d}[n?e=? —2ne=? + 1]

(10)
Minimizing the MSE of (10) with respect to n yields
802 202 —6o2
"MMSE — argmin di[n?e? —2nee? 4 1] =e 2 (11)
n

IFor scalar variable d if d represents its estimate, then the MSE of dis
denoted as MSE(d) = El(d — d) ], and its estimation error variance is
denoted as var(d) £ E[(d — E[d])2].



Substituting (11) into (9), the LMMSE estimate of the squared
distance can then be obtained as
—5LMMSE 602

= ZzZ;€ a2

(12)

i
Let

di = di — d; (13)

be the estimation error of d7. Then the expectation and
~LMMSE

variance of estimation error of the LMMSE estimate d?

arc 1

~ LMMSE ) —402

Eld;  J=di(l—e?) (14)
~LMMSE 802 402

var(d? ) =dje s (ea? —1) (15)
~LMMSE

and the MSE of d? is
—~LMMSE 4 —802 402 4 —402 9
MSE(d? )=dje a? (e —1)+d;(e a2 —1)

(16)

Next, we estimate the source location x ¢ by utilizing the ob-
tained squared distance estimates between the emission source
and the sensors. From (2) and (13), given the squared distance
estimate of each sensor, a system of nonlinear equations can
be constructed as

Bela-wi-&
= 2x,x — 2y;y + V0 + ki — d?

where ¥ = 2% +y? and k; = 22 +y?, i € N.

To convert (17) into a system of linear equations, two
schemes are generally employed. One is to define a new
quantity 9 to be estimated. The other is to subtract a ref-
erence equation from the remaining equations of (17), thereby
eliminating the quantity 1J. Selecting the [-th equation of (17)

as the reference equation, we have?
c/iz\,—c/iiz—Z Ty —x)x — 2(ysr —
v —d ( Dz —20yr —yiy 18)
+ ki — Ky — d3 + df

where i € N\[, and N\[ represents set difference, that is, N\[
is set N without element /.
As a result, the compact matrix form of (18) is

y=Gx,+v (19)
where
B = dF = v+ & - &
y= , V=
By — &} — i + 11 @~ d2,
Ly =% Y — Wy
G=-2| :
Tm' — 2 Ym' — Yl
2The symbol i’ represents one of the elements in N\l, i = 1,--- ,m, and

m = n — 1. For example, for set N = {1,2,3,4,5}, n = 5, if | = 3,
then N\l = {1,2,4,5}, and a one-to-one correspondence between i’, i’ €
{1,2,4,5} and 4,7 =1,2,3,4isthat 1’ = 1,2/ = 2,3’ =4, and 4’ = 5.

and the covariance of v is

R 2 cov(v) =
var((;{,) +Jar(gl§) Nvar(dAlé) N var(ilE)
var(d?) var(dZ,) + var(d?) var(d?)
Var(d?) Var(g?) var((%) + Var(gli)
20

Using the inverse of R as weighting matrix, the WLLS
location estimator is therefore obtained by minimizing the
following cost function

J(:ES) = (y - Gws)TR_l(y - Gws)
and is given by
" = (G"RT'G)T'G"R 'y 1)

Substituting the LMMSE estimate of the squared distance
of (12) into (21), then the LMMSE-aided WLLS (LMMSE-
WLLS) location estimator can be obtained as

i%MMSE—WLLS _ (GT (RLMMSE) -1 G) -1 GT

LMMSE\ —1, LMMSE
x (RMMMSE) 1 (22)
where
_2nys 603 _2n 693
e o a2 — e o a2 —K,ll—i—,‘ﬁ}l
LMMSE
JPMVSE _ : (23)
_2rpy 76“12; 7&,%
e o o2 —e o a? — Ry 4Ky
and
—802 402 —802 402
R"™MMSE —diag(dl e o (eo? —1),--- ,d} e o (e —1)
—802 402
4 v —u
+dje oz (e —1)1,, (24)

1,, represents an m-dimensional matrix with all elements
being 1.

Since d?, i € N, is unavailable in positioning applications,
R'™MSE ¢an be approximated by replacing d7 in (24) with its
LMMSE estimate, given by

. —4r;,—2002 402 —4ar ,—2002
/R\LMMSE :dlag(efv et _ 1), ,e#ﬂ

2 —4r; —2002

102
ea? —1)+e =

402

(e=? —1)1,,

x ( (25)

In addition, it is possible to set the weighting matrix R-MMSE
in (22) to an identity matrix, leading to the following corre-
sponding LMMSE-LLS location estimator

aA,:IS_MMSE-LLS _ (GTG)—l Gy MMSE (26)

Remark I: The estimation performance of the WLLS esti-
mator does not depend on the selection of reference equation
[5], due to the use of the optimal weighting matrix, i.e., the
inverse of R. Thus, the reference equation index [/ in (21) can
be selected arbitrarily from the set N, e.g., [ =1 or 3.



B. LMMSE-UWLLS Location Estimator

Similarly to (21), the unbiased WLLS (UWLLS) location
estimator can be obtained as

~UWLLS

&V = (GTR'G)"'G"R Yy (27)
where
y' =y — E[v]
@& —di =+ | [ Eld) - Bl&)]
= : - : (28)
@y = di = b+ 1| B[] - B[E2, ]

and the weighting matrix R is the same as in the WLLS
estimator (21) and is given by (20).

Then the LMMSE-UWLLS location estimator can be ob-
tained as

~LMMSE-UWLLS
wS

(GT (RLMMSE)
% (RLMMSE)f

1 G) —1 GT

1 yLMMSE—u (29)
where y is obtained by substituting the squared dis-
tance estimate of (12) and its estimation error expectation of
(14) into (28), and the weighting matrix R"MMSE is given by
(24). Since d%, i € N, is unknown, approximated form in (25)
can be employed in practice. In addition, the expectation of
estimation error in (28) can also be approximated by replacing
d? with its estimate in (12).

LMMSE-u

IV. PERFORMANCE ANALYSIS

In this section, estimation performance of the proposed lo-
cation estimators is analyzed by comparison with the existing
WLLS estimators.

As in [19, 20], the ML estimate of the squared distance is

—~ML

d22 = arg]’I}ig,X L(dﬂpl) = dgelg(lyo (Po—P;) _ eiiri 30)
where
1 L i alog 3/dg))?
(d2|P) — e Q(P Po+5alogyo(d;/dg)) (31)

is the likelihood function of d? given by model (1). Then the
ML-WLLS location estimator [19, 20] can be obtained as

:i:ML -WLLS (GT(RML) lG) 1GT(RML) 1 ML (32)
where
—27 —2r;
e o« —e a —KyF+K
Y= : (33)
=27 —2r
e a —€ a — Ky +AK]

is obtained by substituting the ML estimate in (30) into (21),
and
402 402
RME —diag(df e e? (ea® —1),---
02 402

4,5 (g
+djea? (ea 1)1,

402 402

,dibea? (ea? —1)

(34)

Similarly, with multiplicative debiasing, the ML-UWLLS (or
BLUE-WLLS) location estimator in [21, 22] can be obtained
as

:&ELUE -WLLS (GT(RBLUE) 1G)71GT(RBLUE)71yBLUE
(35)
where
—2rys 20% —2r 20
e o« o —e a o —RKy+ K
yBLUE — (36)
—2r /202 —2r, 202
e a a2 —e a a? — Ky + K]
and
402 402
RBYWE —diag(df (es® —1),--- ,d} (e —1)
102
+di (e — 1)1, (37)

Remark 2: Note that the ML-WLLS and BLUE-WLLS
location estimators can also be obtained by substituting n = 1

o2
and n = e%TU into (21), respectively. Therefore, they belong
to the unified form (21) of the WLLS estimator. In addition,
we have proposed three pseudo conditional distributed induced
WLLS estimators in [18]. These location estimators can also
be obtained from (21) using other multiplicative factors.

Let P = [—1,,x1, 1], and
2 _
di —df — k1 + Ky dzl "
. dl’ — KR/
Yo = : » Yo = . (38)
d2, — d? — Ky + Ky dfn/;lfm/

where 1,,1 represents an m-dimensional column vector with
all elements being 1. Since G is of full column rank, the
source location x4 can be represented as

=Viyy = VIiPy} (39)
where
Vi = (GT"RyG)'G"(Ry)™* (40)
and Ry = P dlag(dl ; db, -, dt ) PT
Let 5 =e :2 (e o —1). Then we have
= (G"(€R0)T'G) "G (ERy) ! @1

_ (GT(RLMMSE)—lG)—IGT(RLMMSE)—I

For the ML-WLLS and BLUE-WLLS estimators, similar VT
can be obtained by simply replacing R"MMSE with RME and
RPLVE | respectively. Similarly, the WLLS estimator of (21)
can be rewritten as

FVLS — yiy = Vipy! (42)
where y' = [c/l? - m,gf\,— Kiryo o 7372: — k)T, i € N\L.
Then the MSE of the WLLS estimator "5 is
MSE(2,""®) = Bl(zs — &) (zs — &°)"]
= VIPE[(yo - y')(yo —y) I(VIP)T
= VIPMSE(d?)(VIP)T 43)



where d? = [d2,d2,, - 2], ' € N\I,

MSE(d?) =
MSE(d)  E[d})E[d?)] E[d?)E[ &2, ]
E[d?)E[d?]  MSE(d?) [dZ{,] [d2] (44)
Eld2,)E[d?] E[d2,]E[d) MSE(E,)

and all elements of MSE(&E) are given by (14) and (16).
The covariance of wWLLS

COV( WLLS) E[(:iZVLLS _ E[ﬁ?’LLS})(@E\’LLS _ E[.’f}ZVLLS])T}
=V'E[(y - Ely])(y - Bly)"|(VH)"
=VIR(VHT (45)

where

R= Pcov(&?)PT
= Pdiag(var(cfl?), var(;l?), e 7V&I((/17?n7))PT (46)

and d? = [d?,d2,,- - ,dfn,]T —d?, i e N\l

Next, we discuss estimation performance of the proposed
LMMSE-WLLS location estimator in terms of the MSE and
covariance. Compared to the existing ML-WLLS location
estimator, the following theorem holds.

Theorem 1: In terms of MSE and covariance, the LMMSE-
WLLS and ML-WLLS location estimators satisfy

MSE( LMMSE- WLLS) < MSE( ~ML- WLLS)
( ~ LMMSE- WLLS) ( ~ML- WLLS)

47)

cov(x < cov(x (48)

where all equalities hold if and only if o,, = 0.

Proof: see Appendix A.

As can be seen from Theorem 1, the proposed LMMSE-
WLLS location estimator outperforms the existing ML-WLLS
estimator in terms of both MSE and covariance. Note that
if identity matrix instead of the inverse of R is used as the
weighting matrix, Theorem 1 still holds.

For the UWLLS estimator, the MSE of a&EWLLS can be
obtained as

MSE( UWLLS) E[(.’Eg —Zf?gWLLS)( T :IA:UWLLS)T]

= VTE[(?JO —y") (Yo — )T](VT)
=V'E[(y - Ely)(y - E[y)" (V)"
=ViR(VHT (49)
and its covariance is identical to the MSE. Note that R is
given by (46).

Compared to the BLUE-WLLS location estimator, we have
the following theorem.

Theorem 2: In terms of MSE and covariance, the LMMSE-
UWLLS and BLUE-WLLS location estimators satisfy

MSE( ~LMMSE- UWLLS) < MSE( ~BLUE- WLLS)

cov ( i:LMMSE -UWLLS BLUE-WLLS )

(50)

) < cov(&; (1)

TABLE I: Compared location estimators.

Name Description

302
m1-WLLS WLLS estimator (21) using n = e o2

202
n2-WLLS WLLS estimator (21) using n = e o2 .
ML-WLLS Maximum-likelihood WLLS estimator [19, 20].
BLUE-WLLS Best linear unbiased estimator [21, 22].
SOCP Second-order cone programming [14].
SDP-11 Semidefinite programming using I3 norm [10].
SDP-12 Semidefinite programming using l2 norm [9].
CWLS Constrained weighted least squares estimator [10].
ML-truth Maximum likelihood estimator initialized

with the true source location [5].

LMMSE-WLLS LMMSE-WLLS estimator in (22).

LMMSE-UWLLS LMMSE-UWLLS estimator in (29).

where all equalities hold if and only if o,, = 0.

Proof: see Appendix B.

For these two unbiased location estimators, the proposed
LMMSE-UWLLS estimator has better estimation performance
than the BLUE-WLLS estimator. Therefore, it is recom-
mended in positioning applications.

V. ILLUSTRATIVE EXAMPLES

In this section, numerical examples are provided to evaluate
estimation performance of the proposed location estimators,
as well as demonstrating their effectiveness. All compared
algorithms are listed in Table 1. Note that the 7;-WLLS

and 79- WLLS locatlon estlmators are obtained by substituting
do‘

n=-ea2 andn = e a2 into (21), respectively. The SOCP,
SDP-l1, SDP-l5, and CWLS estimators are implemented by the
CVX toolbox using SeDuMi [23]. The ML estimator is im-
plemented numerically with the MATLAB routine Isqnonlin
using the Levenberg—Marquardt method with ideal initializa-
tion. In addition, the Cramér-Rao lower bound (CRLB) [2] is
also considered for comparison purpose.

Asin [9, 14, 18], two experimental scenarios are considered,
differing in the deployments of the emission source and
sensors. In the first scenario (S1), eight sensors are evenly
deployed in a 20m x 20m square area, and the emission source
to be estimated is located in the square area inside the convex
hull of the sensors. Fig. 1(a) shows the deployment of the
emission source and sensors for S1. In the second scenario
(S2), as shown in Fig. 1(b), the same number of sensors are
deployed irregularly in the square area, but the emission source
is located outside the convex hull of the sensors.

Without loss of generality, the path-loss exponent is set to
a = 4, and the reference power is set to Py = —50dBm, as
in [9, 10, 18, 21]. The standard deviation o,, of measurement
noise varies from 1 to 5dB [4]. All results bellow are averaged
over 500 Monte Carlo runs.

A. Effect of Noise Standard Deviation

First, we evaluate estimation performance of the proposed
location estimators versus the noise standard deviation. The
performance evaluation metric adopted is root mean squared
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Fig. 1: Two scenarios of deployments of emission source and sensors. The blue solid squares represent the sensors, the black
cross represents the emission source, and the red asterisk represents the location estimate of the emission source.
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Fig. 2: RMSEs of compared location estimators versus noise standard deviation.

error (RMSE). As the noise standard deviation increases, the
RMSE increases gradually. Fig. 2(a) shows the RMSEs of
the compared location estimators for S1. It can be seen that
the proposed LMMSE-WLLS and LMMSE-UWLLS location
estimators always outperform the n;-WLLS, 72-WLLS, ML-
WLLS, and BLUE-WLLS estimators significantly, especially
when the noise standard deviation is large. Compared to
the convex optimization algorithms including SOCP, SDP-/;,
SDP-l5, and CWLS, our proposed LMMSE-WLLS location
estimator has better estimation performance for most noise
standard deviations. The LMMSE-UWLLS location estimator
has the best estimation performance for all noise standard
deviations, and its performance is very close to that of the
ML-truth estimator and the CRLB. These results demonstrate
the effectiveness of the proposed location estimators as well.

Fig. 2(b) shows the RMSEs of the compared location
estimators for S2. It can be seen that the proposed LMMSE-

WLLS and LMMSE-UWLLS location estimators perform
better the existing WLLS estimators significantly. When the
emission source is located outside the convex hull of the
sensors, both the LMMSE-WLLS and LMMSE-UWLLS lo-
cation estimators outperform the SDP-/;, SDP-l5, and CWLS
estimators for all noise standard deviations. This demonstrates
their effectiveness again. Note that the SOCP method cannot
be applied in this case because its estimate always lies within
the convex hull of the sensors [14, 18].

B. Effect of Number of Sensors

Second, we evaluate estimation performance of the proposed
location estimators versus the number of sensors. As shown
in Fig. 3, the proposed LMMSE-WLLS and LMMSE-UWLLS
location estimators have better performance than the existing
WLLS estimators for both S1 and S2. When the number of
sensors is large, the RMSE of the LMMSE-UWLLS estimator
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Fig. 3: RMSEs of compared location estimators versus number of sensors.

is very close to the square root of the CRLB. Compared to the
convex optimization algorithms, the proposed location estima-
tors always outperform the SOCP and SDP-/; estimators, and
also outperform the SDP-l; and CWLS estimators for most
sensor numbers. This also demonstrates the effectiveness of
the proposed location estimators. As the number of sensors
increases, the constraints of the SOCP problem become tighter.
Therefore, the RMSE of the SOCP estimator in S2 increases
gradually.

VI. CONCLUSIONS

In this paper, we have investigated the source localization
problem using RSS measurements. Two new WLLS location
estimators have been proposed, utilizing the LMMSE esti-
mates of the squared distances between the emission source
and the sensors from the RSS measurements. In addition,
estimation performance of the LMMSE-aided WLLS location
estimators has been analyzed by comparison with other exist-
ing WLLS estimators for source localization. It is found that
in terms of MSE and covariance, the LMMSE-WLLS location
estimator performs better than the ML-WLLS estimator, and
the LMMSE-UWLLS location estimator performs better than
the BLUE-WLLS estimator. Numerical experiments have also
verified these, and shown that the proposed two WLLS loca-
tion estimators outperform the convex optimization algorithms
compared in most cases. Future work will investigate the
source localization problem when the path-lose exponent and
reference power are not known exactly.

APPENDIX A
PROOF OF THEOREM 1

For the MSEs of the LMMSE-WLLS and ML-WLLS loca-
tion estimators, let

M = MSE(C&?L_WLLS) _ MSE(C%I;MMSE_WLLS) (52)
Then it follows that
M =VviPD(VIP)T (53)

where
ML ~LMMSE
D =MSE(d )-MSE(d ) (54)
—~LMMSE ML
Both MSE(d? ) and MSE(d? ) are positive semi-

definite, and they are zero if and only if o, = 0.
Substituting (12) and (30) into (54), then D is given by?

—ML —~LMMSE
[D);; = MSE(d2, ) — MSE(d2, )

=d}(ee? —e o Y(ew? —1)+dh((e=?
1) (e 2
1)7 = (e7e= —1)%) (55)
~ ML ~ML —~ LMMSE ~ LMMSE
[D);; = Eld?, di, |- Eld? az,
o2 —402
= df,dQ,((e% —1)2 = (e 2" —1)?) (56)

where i,j = 1, -, i#j,r=i—1,k=j—10 =1,
and all elements of D are positive, i.e., [D]; > 0,[D];; > 0.
Let

2
U

40 —802 102
o

(=(ee? e )(ex? 1) (57)
202 —402
v=(e? —1)? = (e —1)? (58)
Then we have
[D]i; = d?i—l)/(C +7), [Dli; = d%i—l)'d%j—l)/’y (59

Next, D is proved to be positive definite. That is, all
principal minors of D are positive*.
The 1-th principal minor of D is

|D|1x1 = d} (¢ +7) >0
The 2-th principal minor of D is

|Dlaxe = d/d},[¢* +2¢~] > 0 (60)

3Note that [D];; stands for the i-th row and j-th column element of D.
4The 4-th principal minor of D is denoted as |D|;x;, i € N.



Assume that the ¢-th principal minor of D satisfies

|Dlixi = dj'dy, - - (1—1)'[(C +9)" 4 (i - 1)y

—i(CH+ b T =df - df gy (¢
+CHT Iy O T >0 (61)
Then the (i 4+ 1)-th principal minor of D is
D1y i1y = didy - dp[(C+ ) + i
— ([ + (¢ +7)7] (62)
Since |D|;x; > 0, we have
|D‘(i+1)><(i+1)
= didly - db[CH Ol Gy 4 Ol
D;y; 9 i
=djdy - d} | o — Dloi (¢4 0) 4 i¢31| >0
dy - d(z—l)’

Thus all principal minors of D are positive and D is positive
definite.

There exists a nonzero vector « such that 7 = yT VP
and ” Dx > 0. Then we have
y"My=y"VIPD(VIP)'y =2"Dx >0 (63)

Thus M is also positive definite. From (52), we have

MSE( LMMSE- WLLS) < MSE( ~ML- WLLS) (64)

where the equality holds if and only if o, = 0.
For the covariances of the LMMSE-WLLS and ML-WLLS
location estimators, we have

E ~ML
var(d? ) <var(d? ) (65)
Then from (46), the covariance matrices satisfy
RLMMSE < RML (66)
Hence we have
cov (- LMMSE- WLLS) < cov (@Y < ML- WLLS) (67)
This completes the proof of Theorem 1.
APPENDIX B
PROOF OF THEOREM 2
The MSE of the UWLLS location estimators is
MSE (&%) = viIR(VTHT (68)
From the proof of Theorem 1, we have
RLMMSE < RML (69)

Therefore, the MSEs of the LMMSE-UWLLS and BLUE-
WLLS location estimators satisfy

MSE( ~LMMSE- UWLLS) < MSE( BLUE- WLLS) (70)

It is known that the covariance and MSE of the unbiased
estimator are identical [5]. As a result, we also have

( ~LMMSE- UWLLS) ( ~BLUE- WLLS)

cov(x < cov(x 71)

This completes the proof of Theorem 2.
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